Available online at www.sciencedirect.com

ScienceDirect

International Journal of

HEAT ..« MASS
TRANSFER

ELSEVIER International Journal of Heat and Mass Transfer 51 (2008) 474-484

www.elsevier.com/locate/ijhmt

Assessment of Bejan’s heat exchanger allocation model under
the influence of generalized thermal resistance, relaxation effect,
bypass heat leak and internal irreversibility

A K. Pramanick, P.K. Das*

Department of Mechanical Engineering, Indian Institute of Technology, Kharagpur 721 302, India

Received 25 January 2007; received in revised form 16 May 2007
Available online 9 August 2007

Abstract

This article reports an analytical investigation of the optimal heat exchanger allocation and the corresponding efficiency for maximum
power output of a Carnot-like heat engine. To mimic a real engine, the generalized power law for the resistance in heat transfer external
to the engine, relaxation effect in heat transfer, bypass heat leak and finally internal irreversibility of the power producing compartment
of the engine is taken into consideration. From the engineering perspective the temperature ratio of the heat source and sink as well as to
that of hot end and cold side of the working fluid is considered not to be the controllable parameters. A parametric study is presented for
the other possible controllable variables. Selection of a power law over a linear model has a significant effect on the optimal heat exchan-
ger allocation for maximum power output and the corresponding efficiency. For a higher degree of relaxation effect the drop in the max-
imum power efficiency is prominent along with the shift of equipartitioned allocation of heat exchanger inventory. Bypass heat leak and
internal irreversibility exhibits relatively less pronounced effects on the maximum power efficiency and on the optimal heat exchanger
allocation. Thus the endoreversible formulation of thermodynamic model is physically realistic. Strikingly when the optimal allocation
of the heat exchanger inventory obeys the principle of equipartition in macroscopic organization for the linear law of the external heat
resistance, the thermal efficiency appears to assume the representative documented value. Hence the linear model due to Bejan is also
capable of capturing the essential features of a real power plant.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The fundamental contribution of simple models is to
provide an estimate of different important parameters of
a functional device and to establish a way for the more
applied work that will follow in due course of industrial
research and development [1]. In this present article many
simplistic assumptions commonly adopted for a power
plant will be abandoned making it more actual for the real-
istic performance. In the following paragraphs we discuss
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the issues that corners around the design of an actual
power plant.

To start with there are many practical engineering con-
cerns to contemplate in connection with the four-process
model optimized by Curzon and Ahlborn [2]. Sadi Carnot’s
original essay [3] as interpreted graphically and analytically
by Emile Clapeyron [4] is a description of a gas contained
in a cylinder and piston mechanism that undergoes a cycle
of four processes, two quasistatic and isothermal processes
interspersed with two quasistatic and adiabatic processes.
Landsberg et al. [5] generalized this cycle which is charac-
terized by two adiabatics and two heat transfer paths with
constant heat capacities. Curzon and Ahlborn added finite
thermal resistances between the cylinder and the respective
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Nomenclature

arbitrary complex number

hot end heat exchanger surface area

cold end heat exchanger surface area

nonzero complex number

parametric constants for i=1, 2, 3,...,22
internal thermal conductance of the power plant
power law index, Eqs. (3) or (4)

real part of complex power law index
imaginary part of complex power law index
power output of the engine, Egs. (13) or (14)
dimensionless power, Eqgs. (20) or (21)

real part of dimensionless power, Egs. (35) or
(38)

unsteady heat transfer rate

unsteady heat transfer rate between work pro-
ducing compartment and high temperature side,
Eq. (3)

unsteady heat transfer rate between work pro-
ducing compartment and high temperature side,
Eq. (3)

steady heat transfer rate between work produc-
ing compartment and high temperature side,
Eq. (5)

steady state heat rejected at the heat sink, Eq.
9)

steady state heat released to the heat sink by
endoreversible heat engine

steady heat transfer rate between work produc-
ing compartment and high temperature side,
Eq. (6)

steady bypass heat leak through the machine
structures, Eq. (7)

nondimensional bypass heat leak

steady state heat transfer rate supplied by the
heat source, Eq. (8)

entropy generation rate

temperature

temperature as potential difference

real temperature component of the high temper-
ature side, Eq. (1)

heat source temperature

transient temperature of the working fluid at the
hot end, Eq. (1)

time averaged temperature of the working fluid
at the hot end

real temperature component of the low temper-
ature side, Eq. (2)

heat sink temperature

transient temperature of the working fluid at the
cold side, Eq. (2)

w work output rate

X heat exchanger allocation ratio

Xopt optimal heat exchanger allocation ratio

y transformed heat exchanger allocation ratio,
Eq. (46)

z transformed heat exchanger allocation ratio,
Eq. (50)

z transformed heat exchanger allocation ratio,
Eq. (58)

Greek symbols

¢ degree of irreversibility, Eq. (10)

n thermal efficiency of the engine, Eq. (15)

"y real part of the engine efficiency, Eq. (72)

T temperature ratio spanned by heat source and
sink, Eq. (18)

Th intermediate temperature ratio, Eq. (18)

To steady state temperature ratio spanned by work-
ing fluid, Eq. (18)

Topt optimized temperature range of the working
fluid

w oscillating periodic frequency of thermal wave,

Tio time averaged temperature of the working fluid
at the cold side

Un overall heat transfer rate of high temperature
side heat exchanger
UL, overall heat transfer rate of low temperature

side heat exchanger
UA overall thermal conductance, Eq. (17)

Eqgs. (1) or (2)

Subscripts

H quantities related to high temperature source
HC transient quantities at the hot end

HO time averaged quantities at the hot end

L quantities related to low temperature sink
LO time averaged quantities at the cold side
opt optimized parameters

r real part of a complex quantity

t time average of quantities

Superscripts

- dimensionless or transformed quantities

Symbols
() represents a averaged quantity
A represents a difference

temperature reservoirs and in this way described and opti-
mized a more realistic time-dependent evolution of the

cycle. The four-process model of Curzon and Ahlborn
and its steady state counterpart introduced by Novikov
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[6] and independently by Andresen et al. [7], Lu [8] and
Bejan [9] was pursued along several lines. These were
reviewed by Andresen et al. [10], Wu et al. [11], and Feidt
et al. [12].

Adaptation of different nomenclatures related to this
subject field is not to be confused with the maturity of this
subject field. Terminology innovations included the intro-
duction of the term ‘“‘endoreversible” by Rubin [13] to
describe the reversibility of the work producing compart-
ment or alternatively the term ‘“‘exoirreversible” for the
external irreversibilities that surrounded the same compart-
ment was mentioned by Radcenco [14]. It is to be noted
that the concept of internal reversibility or external irre-
versibility is well established thermodynamic concept. It
is tantamount to the local thermodynamic equilibrium
model [15] that serves as the foundation for modern heat
transfer and fluid dynamics [16]. The term “finite-time”
thermodynamics was introduced by Andresen et al. [17]
to describe the optimization of thermodynamic processes
subjected to time constraints [18].

Again in involvement with actual engines we concern the
following factors. The working spaces of many energy-con-
version machines operate under the conditions of oscillat-
ing flow. These machines include Stirling engines and
refrigerators, reciprocating internal combustion engines,
gas and refrigerant compressors, cryocooler and expanders
and compressors and pulse-tube refrigerators. Newton’s
law of cooling as a basis of typical convective heat transfer
correlations states that heat transfer is proportional to the
bulk gas and wall temperature difference. Fourier’s law of
conduction, an exact expression within the continuum
hypothesis states that heat transfer is proportional to the
temperature gradient at the wall. In most steady state con-
vective heat transfer situations the wall temperature gradi-
ent is proportional to the bulk gas—wall temperature
difference and so Newton’s law works.

It is often neglected that Newton’s law is an engineering
approximation and heat transfer is not necessarily propor-
tional to the bulk gas-wall temperature difference. In par-
ticular, Newton’s law in its ordinary form is not valid in
most oscillating pressure or oscillating flow heat transfer.
There is a phase shift between heat transfer and tempera-
ture difference. So there are sections of the cycle where
the conventional convective heat transfer coefficient
becomes negative and points where it becomes infinite.

In several studies beginning with Gutkowicz-Krusin
et al. [19] the assumption that the heat transfer rates are
proportional to the local temperature difference were
replaced by more general nonlinear heat transfer models
that account for natural convection, radiation and temper-
ature dependent properties by De Vos [20], Chen and Yan
[21], Angulo-Brown and Paez-Hernandez [22]. Early stud-
ies were also conducted by Rubin [13], Lucca [23], Rozon-
oer and Tsirlin [24], Mozurkewich and Berry [25], and
Tsirlin [26].

In circuit design with alternating electricity, circuit ele-
ments are assigned a complex impedance rather that real

resistance. In mechanical vibration analysis, machine ele-
ments are assigned complex impedances rather than real
inertias, damping constants and spring constants. In peri-
odic conduction heat transfer problems and other similar
differential equations are often solved using the method
of complex field. This in essence reduces a periodic time-
dependent problem in real variable to a steady state prob-
lem in complex variables. Once the complex solution has
been found the results are usually given in terms of heat
transfer magnitude and phase. The same information how-
ever, can be given in terms of real and imaginary parts of
heat transfer. Expressing the thermal resistance of the
boundary layer in terms of complex number is relatively
an unemployed idea [27-29].

Next, the maximization of work output as opposed to
power output was pursued by Grazzini and Gori [30] and
Wau et al. [11]. The subtle differences between the maximum
power in time dependent cyclic versus steady flow power
plant models were clarified by Kiang and Wu [31]. As fig-
ure of merit in power plant optimization, Angulo-Brown
[32] proposed to maximize the so-called ecological function
W—T LSgen where W is the work output rate, Sgen is the
entropy generation rate of the power plant and 77 is the
heat sink temperature. Since in cases ecological function
may assume negative values, recently Ust et al. [33] pro-
posed to maximize the quantity known as ecological
coefficient of performance.

Also several of these studies emphasized the importance
of matching the temperature of the working fluid to the
temperature of the heating agent. We can maximize the
instantaneous power output of the model in two ways, with
respect to the temperature range spanned by the working
fluid (1) and, or the allocation of the total thermal conduc-
tance (x). The practical implications of optimal allocation
of heat exchanger inventory X, are clear and immediate-
the heat exchanger inventory must be divided in a certain
way. The practical implications of optimized temperature
range of the working fluid 7, are more abstract. The mes-
sage to the designer is that the working fluid must be
selected in such a way it can be heated while at a certain
temperature and be cooled at another optimal temperature
for each given pair of heat exchanger inventories. The
designer is considerably less free to experiment with the
fluid type than to divide heat exchanger inventory. Another
fact of the matter is that large scale power plants are opti-
mized for fixed heat input and not variable heat input [34].

The objective of the current contribution is to provide
an analytical model of a generalized power plant operating
cyclically. In this study both the bypass heat leak and the
internal irreversibility has been considered. Unsteady state
heat transfer processes are modeled as complex. The con-
ventional Newton’s law of cooling has been replaced by a
generalized power law. The exponent of the power law is
also considered to be complex to include the relaxation
process in heat transfer of the system [35-37]. Finally the
optimization of power output [38,39] is carried out
with respect to the optimal allocation of heat exchanger

TS
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inventories [40-42] alone. The principle of operation of
power plant at maximum power output over other objec-
tives turned out to be the most natural choices as Odum
and Pinkerton [43] furnished several examples of this cate-
gory from the fields of engineering, physics and biology. In
sum, the present exercise explores the range of feasibility of
heat exchanger allocation model reported in Ref. [40]
against more widely realistic conditions.

2. The physical model

With reference to Fig. 1 we discuss the following model-
ing features in succession. There remain many engineering
problems for example heat transfer in combustion engine
wall and space reentry problems in which boundary condi-
tion functions are time dependent. In nuclear reactor fuel
elements during power transients, the energy generation
rate varies with time. Duhamel’s theorem [44] provides a
convenient approach for developing solution to the heat
conduction problems with time dependent boundary condi-
tions and, or time dependent energy generation. Thus the
external irreversibilities in heat transfer occurring at the
hot end and the cold end heat exchangers between the heat
engine and the corresponding thermal reservoir as consid-
ered by Curzon and Ahlborn [2] can be further modified
from a more practical view of modeling.

On account of periodic heat transfer mechanism the
temperatures of the heat source (7y) and the heat sink
(Tp) are different than the time averaged temperatures of

Heat source

T,

H

lQ.Hc =Uy Ay, (Tf’} _TF’;O)

Hot end
T,

HO

lQHc
Irreversible heat engine » Power P

o>1

lQLC

Cold end
TLO

lQLC =U,A, (TLno _TLn)

Heat sink

T,

L

Bypass heat leak
0 =C (TH _TL)

Fig. 1. Generalized irreversible heat engine with thermal resistance,
bypass heat leak and internal irreversibility.

the working fluid at the hot end (7o) and the cold side
(TrLo), respectively. Thus the actual temperatures of the
working fluid at the hot end and the cold side can be con-
sidered as the superposition of the steady part with the
periodic part. So in transient form the temperatures of
the working fluid at the hot end (Tyc) and the cold end
(Tc) can be expressed in complex combinations as

THC = THo—l—THexp(iwt) (1)
and
Tic=Tio+TL exp(iwt) (2)

where 7}, and 7} are some real quantities indicating temper-
atures, i = v/—1 and o is the oscillating periodic frequency.
The time-averaged quantities presented in Egs. (1) and (2)
assumes, respectively (Tyc), = Tuo and (Tic), = Tro. Itis
to be noted that the actual thermal reservoir [45] tempera-
tures are considered to be real and constant in absence of
any periodicity. For the energy flow to occur the second
law of thermodynamics demands that 7y <Tig<
THO < TH

Next, we relax another stipulation of Curzon-Ahlborn
model [2] that is the heat transfer external to the endore-
versible compartment is linear. Instead we adopt the fact
that the unsteady state heat transfer rate (') between the
work producing compartment of the engine and its sur-
roundings follow a generalized power law for the tempera-
ture (7) of the form / x AT" where n is the index of the
power law. Thus for the high temperature side of the heat
engine we have

Q/Hc = UHAH(T;; - T;'-IC) (3)

where Uy is the overall heat transfer coefficient based upon
heat transfer surface area Ay of the hot end heat exchan-
ger. Similarly, for the low temperature side of the heat en-
gine we obtain

Qic = ULAL(T;:C - T'ﬁ) (4)

where Uy is the overall heat transfer coefficient and Ay is
the heat transfer surface area of the cold end of the heat
exchanger.

Now, we would like to incorporate the physical process
of relaxation phenomena [35-37]. One way is to incorpo-
rate this feature is to consider the index of heat transfer
power law to be imaginary that is n =n; + in, where n,
and n, are both real quantities. The imaginary part corre-
sponding to n, takes into account the relaxation phenom-
ena in heat transfer mechanism. In abstract thinking it is
to be understood that the imaginary part of the complex
index brings about the complex nature of temperature
and hence capable of incorporating the phenomenon of
phase lag or equivalently relaxation phenomenon. It is fur-
ther to be noted that for the negative values of the real
part of the power law index of heat transfer, overall heat
transfer coefficient will have negative values. Such an
occurrence is tantamount to the negative heat capacity
[46].
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Again in view of steady state cyclic operation Egs. (3)
and (4) assumes a new form

Onc = Undu(Th — Tho) (5)
and
Orc = Urdi(Tio = T7) (6)

where the time averaged quantities of heat transfer rates
are (Qyc), = Ouc and (Q;c), = Oic, respectively. The
physically realistic basis of approximation incurred in

Egs. (5) and (6) are respectively

THo

Tu exp(icut)‘ < 1 or sim-

ply < 1 and

Another type of heat loss is due to wall heat loss. A
host of power plant elements fall into this category. For
example the heat lost through the wall of a combustion
chamber or boiler house, heat removed by the cooling sys-
tem of an internal combustion engine and the streamwise
convective heat leak channeled towards room temperature
by the counter flow heat exchanger of a regenerative Bray-
ton cycle [47]. This modeling feature of heat loss is known
as bypass heat leak and was first pointed out by Bejan
and Paynter [48]. For this heat transfer rate Q; to be
constant which leaks directly through the machine struc-
tures and around the power producing compartment we
assume

0= Ci(Ty — T) (7)

TTTLO exp(iwt)‘ < 1 or simply TTTLO < 1.

Tu
Tho

where C; is the shorthand for the internal thermal conduc-
tance of the power plant. Upon energy balance we arrive at
the following heat transport equalities

QH = Qi + QHC (8)
and
OL =0+ Oic 9)

where Oy is the heat transfer rate provided by the hot end
thermal reservoir and (y is the heat transfer rate rejected to
the cold end of the thermal reservoir.

In reality the work producing compartment is also irre-
versible due to various nonequilibrium events inside the
engine that ultimately produces the power. So finally we
relax the imposed consideration of endoreversibility. This
can be simply achieved by the introduction of a dimension-
less factor. From the second law of thermodynamics an
irreversible heat engine will release more heat than its coun-
terpart reversible heat engine. If O ¢ is the rate of heat flow
released by the cold working fluid to the cold side heat
exchanger and Q) cg is that of for the endoreversible heat
engine, the degree of irreversibility ¢ can be defined as

e > " .

3. The optimization method

First we impose the restriction of endoreversibility for
the work producing compartment. Then the second law
of thermodynamics applied for this compartment relates
the heat transfer and temperature quantities in the follow-
ing manner

Gne e _ (11)
Two Tio

In the next step the foregoing limitation is waived with the
aid of degree of irreversibility concept introduced in Eq.
(10). Thus the Eq. (10) in combination with Eq. (11) labels
the work producing compartment to be irreversible. The
corresponding relation between the heat transfer and tem-
perature interaction assumes the transformation

Orc _ Orc Oice _ 410
Onc  Oice Onc
Next, the power output P of the engine is dictated by the
first law of thermodynamics as

P=0u— 0L (13)
There is a reduction of power output in presence of bypass

heat leak phenomenon. Introducing Egs. (8) and (9) into
Eq. (13) we obtain

P= QH - QL = (Ql + QHC) - (Q: + QLC)
= QHC - QLC~ (14)

The thermodynamic efficiency of the heat engine is defined
as

T (12)

P P
On O+ 0Onc

Now, in order to limit the degrees of freedom of the phys-
ical model for the objective of optimization we look back
into Eqgs. (5) and (6). We postulate that the proportionality
constants contained in Egs. (5) and (6) compete with each
other. From the physics of the problem the proportionality
constants are the conductances of the respective heat
exchangers and as such the commodities of short supply.
Thus it makes perfect sense to recognize that the total con-

ductance inventory as a constraint is also obeying the rela-
tion [41]

UHAH + ULAL = UA (16)

n (15)

Accounting for such a constraint of the type Eq. (16) is
well established in literature and was also deduced employ-
ing method of synthetic constraint [49]. Among other
choices such as area constraint [41], cost constraint [50]
and the entropy generation rate constraint [51], the Eq.
(16) is indicated to be the most natural selection [52].
Henceforth we will consider the conductances to be the sin-
gle entity of the proportionality constants rather than the
products of overall heat transfer coefficients and corre-
sponding areas in Eqgs. (5) and (6). Mathematically we
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mean (UA)y = Ugdg and (UA);, = Uy A1 where UA itself
stands for a single commodity. In terms of conductance
allocation ratio x we may write

(UA), =< z )UA,

14+x

(UA), = (ﬁ) UA and (UA), =

Further we define various intermediate temperature ratios
as
Ty _Two

T=—, T

T
: and 1y = —2 (18)
Ty

" Tho Tu

Now from Eq. (12) employing Egs. (5) and (6) and invok-
ing nondimensional parameters defined in Egs. (17) and
(18) we obtain

pxtl T+ (é)

_— (19)
1 + ¢xz!—n

Similarly, with the aid of Egs. (12), (5) and (6), the Eq. (14)

for the power output transforms into

P=(1- g (i) - (20)

no_
'L'H—

where the dimensionless power P is defined as P = e
H

The elimination of 7;, term between Egs. (19) and (20) leads
to the result
1-(2)

_ x
P=(- ¢T°)<1 +x> 1+ ¢xtl|

Eq. (21) can be rearranged to obtain

(1 _Fd)%) (1 j—x) = 1:(;5()3 (22)

Now, deploying Egs. (5) and (21) into Eq. (15) we obtain a
revised expression for the efficiency as

1 — ¢,
T. I+pxtl ™"
o]

7o

(1)

n= (23)

where the dimensionless bypass heat leak is denoted by

—_90
0= UAT}"

Invoking the intermediate relation Eq. (22) into Eq. (23)
we arrive at the more simplified expression for the efficiency
as

— 1—¢1
"o () (=) (24)

A simple arrangement of Eq. (24) leads to the expression

S/ x 1 1 1
Q"(lﬂ)ﬁﬁd)ro—l' (25)

Eq. (25) is but an interesting result in thermodynamic opti-
mization. When the parameters contained in this equation
do not enjoy any degrees of freedom, we can find either the
optimal efficiency for a given power output or the maxi-
mum power output for a given efficiency. The result found
from these two extremal conditions are the same, so either
of the two conditions may be used [21]. In a variational for-
mulation of the problem of this type [21] the situation rep-
resents a transversality condition [53]. From the physics of
the relation, Eq. (25) represents a competition between the
power output and the corresponding efficiency of the
engine. Thus in another sense Eq. (25) is a variant of syn-
thetic constraint introduced as an optimization philosophy
[49].

Since the index n of the power law is indicated to be a
complex quantity, the expression for the power output
obtained from Eq. (21) represents a complex number.
However, the magnitude of the power output is the real
part of that complex number. So we proceed to extract
the real part of the power in the following manner. If b
be a nonzero complex number, and let a be a completely
arbitrary complex number, then by the general power b*
we mean every value given by the formula b = ¢*™? [54].
Thus we have for

-
) ()] ) e

(26)
o — gm)in
= )7 cos [my In(z,)] — it} ™" sin[n, In(1,)]. (27)

So the expression contributing to the complex number in
Eq. (21) is expressed as

n
— (X .
1 (T“) cp —1¢

1+ ¢xtl" ¢4 —ice

_ (cw; + 0506) 4 i(CICg — C§C4> (28)
¢y +cg cy+ ¢
where

aq=1- (;) h cos {nz In (;)} (29)
() (2

c3 = ¢tl " cos[ny In(z,)] (31)
ey =14 cx (32)
es = ¢t sinfny In(z,)] (33)
and

Ce = Cs5X (34)
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Thus the real part of the power delivered assumes the form

c1x + ¢

Pr=Re(P) = (1 _d”")( : )<c8x2+2c3x+1>' (35)

1+x

where P, stands for the real part of the power and the
parameters are

c7 = c1C03 + )¢5 (36)
and
cg =ci+ck (37)

Eq. (35) may further be rearranged as

2
Pr=(1-¢1) <Csx3 —|—CZ)9€x2++c:1€0x + 1> (38)
where

c9 =2c3+ ¢y (39)
and

clo = 2c3 + 1. "

Now, we return back to our fundamental objective of opti-
mal heat exchanger allocation for which power output is
maximum. Thus setting the first derivative equal to zero
of Eq. (38) with respect to the optimal heat exchanger allo-
cation ratio x we obtain

e e +epx+en=0 (41)
where
C1
=2— 42
1 s ( )
ey = C1C9 — C7C10 (43)
C7Cg
1
=-2— 44
C13 Cs ( )
and
Cl
= ——. 45
Cl4 s (45)

The quartic Eq. (41) is a commonplace occurrence in many
physical problems and can be solved completely analyti-
cally in the following steps. The algebraic form in which
the solutions of the quartic equation normally appear is
so awkward and clumsy that they are of little use for fur-
ther manipulations in obtaining closed form expressions
of other related quantities. Thus we proceed to furnish an
elegant expression for the optimal heat exchanger alloca-
tion ratio. The solution methodology is central to such cat-
egory of optimization problem.

First we reduce the quartic equation into a cubic equa-
tion on following Descartes’ method [55]. Substituting
x =y —1tcy in Eq. (41) we have the transformed equation

¥+ eyt + ey + e = 0. (46)

where
3 2
Ci5 =C12 *gcn (47)
= et adh - (48)
Ci6 = C13 80” 2011612
and
C17 = Cl4 —ic4 +—c Ci2 — 7 C11C13. (49)
256 116 1! 4

Now, the solution of the transformed quartic Eq. (46)
can be obtained from the following auxiliary cubic
equation

z + 01822 +crz+cp=0 (50)
where
C1g = 2615
Cl9 = %(C%S — 4C17) (52)
and

1 2
Cy — —aClé. (53)

If zy, z> and z3 are the three roots of the Eq. (50), then the
four roots of the transformed quartic equation in y are
+./zi £ /z; = \/z3. So the solutions of the original equa-
tion in x are

¥ = VB VE VB~ e (54)
Y= VA — VG- VA - g (55)
Xy =~V + VB — VB~ gen (56)
and

x4:—\/z—|—\/z_2—|—\/z_3—%cn. (57)

Next, we are concerned about the solution of the cubic Eq.
(50). We adopt the procedure outlined by Mckelvey [56].
Substituting z = z — ¢|5 in Eq. (50) we obtain

23 + 30212 + 26’22 =0 (58)
where
1
:|:3021 = Cl9 — 50%8 (59)
and
2, 1
26‘22 = ﬁciS — gclgclg =+ ¢p- (60)

Then the roots of the Eq. (50) can be listed as follows
[56]:
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Case I: When ¢,; > 0, one real root and two complex
roots are

z1 = —24/C smh[ sinh™ (%) —%Clg (61)
€1
1 1 cn
zy = +/Cc21{ sinh 7smh 3/2 +1iv/3cosh fsmh 3/2
—1 62
3C18 (62)
and
. L. fecxn . L. fc»
z3 =4/ { sinh §3mh =5 |1 3cosh §s1nh =5
€1 1
1
—gclg. (63)

Case II: When ¢,; <0 and ¢3,
two complex roots are

— 3, > 0, one real root and

=-2\/cy cosh{ cosh™ <i2/22> 7%013 (64)
I
=./cn h |=cosh™ +1v/3sinh l bt <2
= cos 3cos ;{2 3s 3008 ;{2
1
—§Clg (65)
and
3= \/-{cosh [—cosh ( 3/2” —iV/3sinh [—cosh < 3/2” }
€1
! 66
e (66)

Case III: When ¢,; <0 and ¢3,
are

z1 = —2+/c>1 COS [1 cos™! <022>
1 == 21 5 =2
3 02{
1
Zr = 4/C21 {COS [gcos ( 3/2) +\/_Sln [ -1 ( %2/22>‘| }
€1 €1

— a3, <0, three real roots

1
— gclg (67)

1
—gclg (68)
and
z3 \/CZl{COS Fcos‘1 ( 3/2>] V3sin L -1 <c32/22>1 }
2] 21
! 69
—5018- (69)

In order to calculate the roots of the Eq. (41) via Eq. (61)
through Eq. (69) it is convenient to employ the following
relations [57]

. 1 €22 Cx
sinh <3—/2> =In =5 +
) G

and

2
(&) (&)

cosh™ <3/2> +1In =5t <3/2> -1
€1 1 €1

Eq. (70) is numerically robust for %% > 0. For negative val-
utilize  the

(71)

ues of &, we symmetry property

sinh™' ( ?/22> — —sinh™! <”32/22>. It is to be noted that Eq.
21 21

(71) is valid only for ”3/22 > 1.
1
Thus we obtain an exact analytical expression for the

real part of the power from Eq. (35). Then the real part
of the efficiency is calculated from Eq. (25) using Eq. (39)
as

he=Re(n) = — (72)

1 . 2 1
e+ o) &

where 7, is the real part of the efficiency.

4. Numerical examples

The analytical results obtained in the foregoing section
can be utilized to quantify the effects of various parameters
on the allocation of heat exchanger inventory and the ther-
mal efficiency of a real heat engine. In performing the
numerical analysis of the physical model presented here,
we adopt closely the following data from the existing power
plants available in open literature [S8-60].

From the physical point of view, the temperatures of the
heat source and sink are considered not controllable. Simi-
larly, the temperatures of the hot end and the cold side of
the working fluid are also considered to be fixed for practi-
cal reasons. Thus in this parametric study we assume t = %
and 1, :§ not to vary. The discrete variations of other
parameters considered are as follows: n; = 1.0, —1.0 and
4.0; n, = 0.0, 0.005, 0.025 and 0.125; ¢ = 1.0, 1.005, 1.010
and 1.015 and Q,- =0.001,0.005,0.025 and 0.125. It is to
be remarked that n; = 1.0 represents conventional New-
ton’s law of convective cooling, whereas n; = — 1.0 demon-
strates the phenomenological heat transfer and n; =4.0
categorizes the radiative heat transfer mode.

Table 1 shows the alteration of heat exchanger alloca-
tion ratio and the efficiency with the variation of the real
part of the power law index n; when the other parameters
assume some representative values. It is observed that

Table 1
Effect of power law on the heat exchanger allocation and the thermal
efficiency of the engine

S.No. T To M n, ¢ éi X N

1. % % 1.0 0.0 1.0 0.025 1.0 0.296296269
2. % % —1.0 0.0 1.0 0.025 1.50000012 0.355555534
3. % % 40 0.0 1.0 0.025 0.544331133 0.308217049
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has major impact both on the heat exchanger allocation
ratio and on the thermal efficiency of the power plant. It
is interesting to report that optimal heat exchanger alloca-
tion ratio conforms to the macroscopic organization with
equipartition principle when the law of heat resistance is
linear that is for n; = 1.0. On the other hand for the non-
linear laws of heat transfer, the principle of equipartition
does not hold any longer. For the phenomenological heat
transfer law that is for n; = — 1.0, hot end side has almost
60% and the cold end has nearly 40% of the total heat
exchanger inventory. Again for the radiative mode of heat
transfer law that is for n; = 4.0 we allocate 35% to the hot
side and 65% to the cold side out of total heat exchanger
inventory available. Also it is to be noticed that there is a
gain in the efficiency of the engine in departing from the lin-
ear law of external heat transfer resistance with a subse-
quent deviation from the equipartitioned allocation of
heat exchanger inventory.

Table 2 represents the effect of relaxation in heat transfer
both on the heat exchanger allocation and the efficiency of
the engine. It is observed that when the parameter n, is high
indicting a prominent effect of relaxation, the heat exchan-
ger allocation ratio departs from the equipartition principle
and there is a subsequent drop in efficiency of the engine.
The higher the magnitude of relaxation effect in heat trans-
fer the greater is the deviation from equal allocation of heat
exchanger and the lesser is the thermal efficiency.

Table 3 reveals the effect of irreversibility of the work
producing compartment. It is seen that within the range
of variation of the parameter ¢ considered, the optimal
heat exchanger allocation ratio drops slightly to nearly fol-
low the equipartition in macroscopic organization and in
correspondence there remains a little sparing of the thermal
efficiency of the heat engine.

Table 4 demonstrates the influence of bypass heat leak
on the heat exchanger allocation ratio and the thermal effi-
ciency of the engine. It is found that bypass heat leak is not
sensitive to the optimal heat exchanger allocation ratio but
the thermal efficiency of the engine is affected. Optimal heat

Table 2
Effect of relaxation on the heat exchanger allocation and the thermal
efficiency of the engine

SI. no. T T, N Mo ¢ éi X Nr

1 % 2 1.0 0.005 1.0 0.025 0.997458279 0.296254754
2 % % 1.0 0.025 1.0 0.025 0.987142146 0.296092391
3 % % 1.0 0.125 1.0 0.025 0.932174623 0.295382202
Table 3

Effect of internal irreversibility on the heat exchanger allocation and the
thermal efficiency of the engine

Sl.mo. © 1, n m ¢ Q X e

1 % % 1.0 0.025 1.005 0.025 0.984683096 0.293090314
2 % % 1.0 0.025 1.010 0.025 0.982242286 0.29008919
3 % % 1.0 0.025 1.015 0.025 0.979819536 0.28708902

Table 4
Effect of bypass heat leak on the heat exchanger allocation and the
thermal efficiency of the engine

SI. no. T T, Ny Mo ¢ é,- X /R

1 2 2 1.0 0025 1.0 0.001 0987142146 0.331664711
2 2 2 10 0025 10 0.005 00987142146 0.325154096
3 2 2 1.0 0025 1.0 0.125 0.987142146 0.204640388

exchanger inventory distribution closely follows the macro-
scopic organization with the principle of equipartition. The
stronger is the effect of bypass heat leak the greater is the
drop in the thermal efficiency of the heat engine.

5. Conclusions

In this study an analytical model of a Carnot-like heat
engine in presence of power law external thermal resis-
tance, relaxation effect in heat transfer, bypass heat leak
and internal irreversibility has been presented. The thermal
efficiency of the heat engine with the objective function of
maximum power output investigated under the influence
of various parameters.

It is observed that the power output and the thermal effi-
ciency of the heat engine competes with each other and
thus supports a body of observations in the theory of
finite-time thermodynamics [21,61]. This competition is
also the very philosophy of method of synthetic constraint
introduced in optimization methodology [49].

For practical reasons the very engineering quest of opti-
mal heat exchanger allocation for maximum power output
is attended leaving behind the influence of optimal interme-
diate temperature ratio of the hot end and the cold side of
the working fluid and also the effect of heat sink and heat
source temperature ratio. It is noted that for optimal allo-
cation of the heat exchanger inventory which maintains a
category of macroscopic organization with the principle
of equipartition, the efficiency at maximum power output
also tends to assume a representative value [62].

The optimal heat exchanger allocation and the maxi-
mum power efficiency both are drastically affected by the
selection of power law for the external heat transfer resis-
tance. For a choice of radiative mode of power law for
the external heat transfer, there is a great deviation from
equipartitioned allocation of heat exchanger equipment
but with a subsequent increase in the efficiency at maxi-
mum power. For an enhanced effect of relaxation phenom-
enon in heat transfer the optimal heat exchanger allocation
ratio deviates relatively to a small extent and induces a neg-
ligible drop in the maximum power efficiency. The very
effect of internal irreversibility is not that prominent on
the heat exchanger allocation ratio and the maximum
power efficiency. Thus the endoreversibility is a solid con-
cept in the finite-time thermodynamic formulation of ther-
mal systems. The bypass heat leak being diffused through
the mechanical support only is considered to be linear
and thus renders a noticeable effect on the maximum power
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efficiency for a relatively high value of the concerned
parameter leaving the optimal heat exchanger allocation
ratio to be near the equipartitioned value.

Though the allocation of heat exchanger inventory has
its beginning with the work [9] it has been attacked from
many different view points till recent time. The present con-
tribution documents the most comprehensive treatment of
a modeling philosophy of contemporary interest. It has
been established that the second law analysis [63] if per-
formed in proper fashion is worthy as always [64]. It is to
be noted that the qualitative resemblance of heat exchanger
distribution is independent of the type of energy source and
application [65]. The philosophy of the engineered system
remains to be unique and the same—the optimal distribu-
tion of imperfections. Such a tendency of optimized sys-
tems goes by the name of constructal law [66]. The future
evolution of finite-time thermodynamics should follow this
direction.
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